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ABSTRACT 



We construct a centerless W-infinity type of algebra in terms of a generator of a centerless 
Virasoro algebra and an abelian spin-1 current. This algebra conventionally emerges in the 
study of pseudo-differential operators on a circle or alternatively within KP hierarchy with 
Watanabe's bracket. Construction used here is based on a special deformation of the algebra 
Woo of area preserving diffeomorphisms of a 2-manifold. 

We show that this deformation technique applies to the two-loop WZNW and conformal 
affine Toda models, establishing henceforth Woo invariance of these models. 
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1 Introduction 



Extended (higher spin) symmetries of VToo-type are subject of a lot of recent activities. Bakas 
has called attention to the relevance of the area preserving diffeomorphisms on 2-manifold 
generating Woo algebra obtained by taking large limit of Zamolodchikov algebra 0. A 
deformation of Woo allowing for central extensions was later constructed by purely algebraic 
considerations in . According to the usual convention we refer to this deformation as VFqo 
algebra. There are two more independent constructions of the Woo structure. Namely, Moyal 
bracket acting on 2-dimensional functions and the Lie algebra structure associated with 
the ring of pseudo-differential operators on a circle |0. The general relations between these 
various realizations of the Woo symmetry has been analyzed in P, 0, ||, If. 

Recently we have found that the Conformal Affine Toda (CAT) model |10| involves 
higher spin symmetry generators of arbitrary conformal spin 0]. These generators were 
constructed to be primary and as a consequence they satisfied a nonlinear algebra. In a 
special limit this nonlinear algebra reduces to Woo algebra. The most attractive feature of 
the CAT model is that it is conformal invariant and there are reasons to expect it to be 
integrable. It is therefore natural to ask whether interplay between conformal structure and 
infinite many charges in involution will result in extended conformal symmetry of VFoo-type. 
In this paper we indeed find a realization of Woo algebra in terms of infinitely many conserved 
charges within the simple Lagrangian structure of the CAT model. 

This paper presents two main results. The first result described in section 2 is a math- 
ematical construction based on a special deformation technique. This construction starts 
with the area preserving diffeomorphism algebra defined in terms of basic primary tensors 
U and J having respectively spin 2 and 1. In our setting J is a self commuting current 
and [/ is a generator of Witt (centerless Virasoro) algebra. By allowing a central element h 
in the bracket between U and J we are given a deformation parameter used to trigger our 
deformation scheme. As a result we obtain a realization of Woo algebra in terms of prod- 
ucts of U and differential polynomials of J, which is isomorphic to the centerless algebra of 
pseudodifferential symbols ^ with brackets between generators taking form ' a la Watanabe 

0- 

We emphasize that this construction can be realized without any particular physical 
model in mind however it is suitable to describe (at least) part of the symmetry structure 
of the CAT model. In the section 3 we show how our deformation scheme fits naturally into 
the framework of two-loop WZNW and CAT models, which is the second main result of this 
paper. This result provides field theoretic realization, on the classical level, of centerless Woo 
in terms of interacting fields 



2 Deformation of the Algebra of the Area Preserving 
Diffeomorphisms 

The starting point of our construction are two fundamental objects given by spin 2 tensor 
U and spin 1 current J, obeying the following basic Poisson brackets: 

{Uix),U{y)} = 2U{y)5\x-y)-U\y)5{x~y) (1) 
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{U{x) , J{y)} = J{y)5\x - y) - J\y)5{x - y) - h5'\x - y) (2) 
{J{x),J{y)} = (3) 

with h being a c- number and dyJ{y) = J'iy). 

From the above Poisson brackets we derive easily 

{U{x) , r^\y)} = {n + l)r+\y)6'{x-y)-{j-+\y))'6{x-y)-h{n + l)J^y)6"{x-y) (4) 

Define now spin n objects V"'{x) = f/(x) J"~^(x) with n > 2. It is easy to see that for = 
the generators V"{x) satisfy the classical w^o algebra: 

, V"^iy)} = (n + m - 2) - y) - (n - 1) (^^"+"-^(1/))' - y) (5) 

Proof follows from (|l]) and (§) by setting h = 0. 

In the following we "deform" algebra in (|^) by allowing /i 7^ in (|^) and (^). For 
this purpose we introduce the differential operator: 

V = hd+J (6) 

with properties T>~^J = 1 and T>^J = J. The differential operator T> satisfies T>{AB) = 
{VA)B + hA{dB), which results in a modified Leibniz rule: 



V'iAB) = Y,hHl)iV''-^A){d''B) (7) 

fc=0 

leading to the following recurrence formula (setting A = 1 and using P"l = P"^^J): 



fc=0 

Another identity satisfied by differential polynomials of T> is: 



fc=0 \ / fc=o \ / 

which follows from repeated application of the usual and modified (??) Leibniz rules. We 
now introduce spin n conformal objects 

Wn{x) = U{x)V''~^{x)J{x) ; n = 2,3,... (10) 

with lowest order generators given by: 

W2 = U ] W^ = V^ = UJ ] = f/ (j2 + hJ') ; W5 = U[J^ + 3hJJ' + h'^J") etc. 

(11) 

One finds from (P) a generalized "Miura transformation" relating powers of T) to generators 



n 



UV^ = J2h'QWn-k+2d' (12) 



k=0 
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One can prove that Wn are quasi-primary generators satisfying 

{U{x) , Wr,{y)} = nWr,{y)S\x - y) - {Wn{y))' 5{x - y) 
+ E(-l)'^/^'=(^; Vn-.(y)5(^+^)(x-y) (13) 



k=l 



where 5^''\x — y) = d^5{x — y)/dx^. 

Furthermore using recurrence formula (§) we find an exphcit expression for: 

{W,{x) , Wn{y)} = (n + 1) Wn+i{y)5'{x - y) - 21^^+i(y)5(x - y) 

+ ~k ^) ^n-k+2{y)S^'\x - y) (14) 

which shows closure of this part of algebra. 

The above result can be extended to the general Poisson bracket relation for arbitrary 
generators and Wm defined in ([T0|): 

{W„(x) , W,M) = (n + m-2) H'-„+„_2(t,)y(i - y) - (n - l)W;,^,„_^(y)S{x - y) 

+ %- - %:) - .) (15) 

by direct calculation using (||) and (P). 

As shown by Dorfman and Gelfand [|13] (see also 0) any 2- index infinite Lie algebra may 
be written as a bracket algebra of functions. In fact our algebraic relation ([T5|) has a nice 
geometric realization in terms of functions e*^^|/"~^ on a cylinder 5*^ x IR with a Lie algebra 
structure given by H] 



1/(1,!,), 9(1, t/)| n) ki\dxi'dy>'' dy^dx") 

which is a commutator [/,(?] =f°g~g°f with respect to the product of symbols: 



(16) 



/(x,,)o,(a:,,) = EMr^^00 (IT) 



fc>0 



The connection becomes transparent by noticing that the mapping ^ ^ipxyu-i ^j-^gj^g 
^n{.x) = J^p^n^^^^ is an isomorphism between (|T5|) and the algebra of e*^^'?/"~^ under 
the bracket (|T^). This connection establishes among other things that (|T^) satisfies Jacobi 
relations. 

Less technical argument for validity of (|I3p for the generators given by formula ([TI1| ) is 
based on the following Jacobi identity (which is automatically satisfied in our case) 

{Wnix) , {Ws{y) , Wsiz)}} = -{Wsiz) , {W„(x) , W^iy)}} - {Wsiy) , {W^iz) , l^„(x)}} 

(18) 
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The terms on the right hand side of (|TB|) contain only brackets of and Wm which are 
always given by ([T^) as found above. The term on the left hand side involves as the "highest" 
bracket {Wn{x) , (y)}, which therefore can uniquely be written as linear combination of 
WnS. Since this is a well-defined and unique solution to the algebraic identity (llSD it must 



agree with (|l^). We can now recursively extend this argument to {Wn{x) , W5{y)} etc. etc. 
Therefore, in general, knowing the bracket {H^n(a^) , Wm{y)} for m < n using Jacobi identity 
for {Wn{x) , {W^^y) , we obtain the unique expression for {Wn{x) , Wm+i{y)} in 

terms of lower order brackets. This concludes our induction argument for (p^). 



We also observe that algebra (0) is of the Watanabe [|1^] form. To see it we make the 
identification Wn+i — > Un, which results in: 

{Un{x) , Um{y)} = Qnm{x)6{x-y) 12,171 >1 (19) 

^nm{x) = flj^^'^ {^^Un+m-k{x)d^^ - Y.{-^fh''-^ Q "n+m-fc (a^) 

This identification is not surprising in view of the fact that (|1^) is isomorphic to the com- 
mutator ([16|) for pseudodifferential operators on a circle, see also H . 



3 W-Infinity Symmetry of the two-loop WZNW and 
Conformal Affine Toda Models 

As recently shown the conformal affine Toda (CAT) models can be obtained via Hamilto- 
nian reduction from a two-loop Kac-Moody (KM) algebra. This reduction preserves confor- 
mal invariance, here we will show that it also maintains W-infinity symmetry. The structure 



of the representations of the two- loop KM algebra has been further analyzed in [16 



In reference we have constructed the classical Sugawara energy-momentum tensor: 

-| dim Q oo 

^(^) = 2(E 9'''j:{x)Jr{x) + 2J^{x)j'^{x)) (20) 

a,b=l n=-oo 

in terms of the currents Ja{x), J^{x) and J^{x) satisfying two-loop KM current algebra 
(equations (2-5) in |[T5[] ). 

First let us note that T(x) and J'-''{x) satisfy algebra given in (|l|)-(0) with h = generating 
therefore Woo symmetry of two-loop WZNW model. In fact this model has a bigger symmetry 
as we will show now by first defining the modified energy-momentum tensor: 

L{x) =T{x) +d^{2J^{x) + hJ^{x)) (21) 



where Jj = kTi i^g ^d+g 6 ■ H^j with 5 = ^Y.a>o'^/'^'^ and h is the Coxeter number of 
the underlying semisimple Lie algebra (in case of s/(2) h = 2). For missing notational 
explanations and more details see |TH . 



The modified energy-momentum tensor ( plD was introduced in [|T5[ in order to ensure 
conformal invariance of our Hamiltonian reduction scheme. We observed there that L{x) 
satisfies the Virasoro algebra: 

{L{x) , L{y)} = 2L{y)5\x - y) - L\y)6{x - y) - c5"\x - y) (22) 
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with the central element c = 45^. Furthermore we find: 

{L{x) , J^(i/)} = J^iy)6'{x -y)- - y) - h5'\x - y) (23) 



It is important at this point to notice that the central element in (p^) can be removed by 
redefining the energy-momentum tensor according to: 

U{x)=L{x)+^d^J^{x) (24) 

It is easy to verify that U{x) satisfies (|2^) with c-term equal to (2/17 — c) 6"'{x — y). Anomaly 
free Virasoro algebra is obtained by choosing 7 = c/2h. Bracket between the energy- 
momentum tensor and J^{x) (|23|) is unchanged by this last modification. 

Now we turn our attention to the CAT model. The Lagrangian density for this model 
with the finite semisimple Lie algebra Q is given by 

-| rank (7 rank (7 i o 

= o E Vabd+rd-<P' + d+l^d-i^ + d-iid+u + 2 V ^e^"*"^' + e-''^'^'^^^ (25) 

written in the light-cone coordinates x± = x ± t, 9± = \{dx ± 9t). 

The above Lagrangian density reproduces equations of motion obtained via Hamiltonian 
reduction from 2-loop WZNW model 



2 



d^d+v = —e-^^^'l"'+^f' ■ d-d+fi = (27) 



In equations (p5D-(p7D we introduced ?7°* = ^{K~^)°-'^ with Kab = ■ Oib/oil being the 
Cartan matrix for aa denote the simple roots, while a, (3 denote arbitrary roots of Q and 
if) is the highest root of Q (see []15[ for more details). 

The Lagrangian density (|25|) for the case of ^ = sl{2) was originally introduced in ||10| 
and writes as (normalizing = 2): 

£^;(2) = d+(t)d-(t) + d+^id-v + d^^id+v + e^^ + (28) 

All the subsequent calculations are applicable for both chiralities, here we only write 
results for the right chirality. From ( pSj) we find the canonical momenta with respect to 
"time" a;_: 

VTa = -r]abd+(f)'' ; 71^, = d+u ; = -J'^ = d+fi (29) 

where the subscripts /i, u are not the Lorentz indices but refer to the corresponding fields. 
Prom now on x and y stand for x+ and y+ and we drop the subscript "+" from all derivatives. 

The usual canonical Poisson structure gives rise to the following Dirac brackets for the 
constrained momenta (^9]) for equal a;_: 



{7Ta{x),nb{y)} = ^VabS'{x-y) ; {n^{x),j''{y)} = 6'{x-y) (30) 
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The model defined by is conformally invariant with the conserved and traceless generator 
of conformal transformations given by 



rank G rank G 



2 E ^""'^aT^b + Tr^J"" - 2 J2 —V^'dTT, - h drr^ (31) 



a, 6=1 a, 6=1 ^ 



Using the bracket relations (^O]) we derive the corresponding Virasoro algebra (|2^) . Fur- 
thermore we derive from ( pOD a relation (]23|). We now identify a conserved spin-2 tensor 
U{x), which satisfies an anomaly free Virasoro algebra within the CAT model by the same 
procedure as in (pll). 



We therefore see that construction of section 2 applies straightforwardly to the two-loop 
WZNW and CAT models with the Coxeter number h playing a role of deformation parameter 
and U, coinciding with W2 and J of section 2 establishing Woo invariance of these models. 

In Conclusion: 

We revealed the W^o symmetry structure of the two-loop WZNW and CAT model making 
use of deformation of algebra of the symplectic diffeomorphisms. The algebra of conserved 
generators in ( pTSf ) was shown to be isomorphic to the Lie algebra structure of pseudodif- 
ferential symbols associated with a cylinder. This symmetry structure provides an explicit 
method of constructing infinitely many conserved, local charges in involution in the usual 
Lax formalism within KP hierarchy ||12, l7| . 



Generalizations of the above deformation technique to include c-anomaly and connection 
to non-linear realization of the algebra in terms of primary field generators are under 
investigation. 
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